
ABSTRACT 

Nonlinear guided wave mixing techniques have been widely used for material 
degradation characterization in solids. In this study, a method using nonlinear guided 
wave mixing is proposed to identify fatigue damages, including both material 
degradation and subsequent fatigue crack propagation, in steel pipes. By means of 
theoretical analysis, two incident waves are selected to generate combined harmonics in 
the damaged pipes. Based on finite element (FE) simulations, the combined harmonic 
at difference frequency is successfully observed, and the nonlinear index, β, based on 
the combined harmonic at difference frequency is found to be capable of identifying 
both material degradation and the subsequent fatigue crack. This study provides a 
promising method for fatigue damages identification in the early stage using nonlinear 
guided wave mixing approach. 

INTRODUCTION 

Early detection of micro-defects in steel structures under time-varying loads is 
crucial for ensuring their health and integrity. As have been demonstrated in many 
investigations, nonlinear ultrasonics technique is a promising method for fatigue 
damages detection at early stage due to its high sensitivity to material microstructures, 
such as material degradation and fatigue crack. Compared with the bulk wave, 
ultrasonic guided waves can be used in large-area inspection with less transmitters [1]. 
Thus, ultrasonic guided wave techniques have been widely used for damage detection 
in pipeline industry [2]. 

Attempts have been made to apply nonlinear guided wave for material 
characterization and fatigue crack identification. The research is mainly focused on the 
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second harmonic generation (SHG) and frequency mixing response, caused by the 

microstructural damages, such as plasticity, material degradation and fatigue 

microcracks. Deng [3] investigated the physical process of cumulative second-harmonic 

generation of Lamb-mode propagation in a solid plate. Bermes et al. [4] developed an 

accurate and reliable procedure to measure the second order harmonic of a Lamb wave 

propagating in a metallic plate, which was demonstrated by characterizing the inherent 

material nonlinearity of plates. Müller et al. [5] investigated the characteristics of the 

second harmonic generation of Lamb waves in a plate with quadratic nonlinearity, and 

five mode types were identified for material nonlinearity measurement. Guan et al. [6] 

investigated guided wave propagation and interaction with microcrack in a pipe through 

numerical and experimental approaches using SHG. Lee and Lu [7] identified fatigue 

crack in a steel joint under vibration by nonlinear guided waves based on SHG.  

Although microstructural damages can lead to SHG, an apparent difficulty for the 

application of this technique is to isolate other sources of nonlinearity [8,9]. Therefore, 

it is unreliable to detect structural damages according to the second harmonic signals in 

practice. An alternative method to overcome the mentioned drawbacks is nonlinear 

guided wave mixing technique. Sun and Qu [10] proposed a nondestructive evaluation 

method based on one-way mixing of Lamb waves for the inspection of a large area of a 

plate for damage distribution via a single access point. Li  et al. [11] investigated the 

effect of the backward combined harmonic generation induced by one-way mixing of 

two primary longitudinal guided waves in pipes. Jiao  et al. [12] investigated nonlinear 

Lamb wave mixing for detection microcrack in plates. An analysis of the interaction of 

these waves with microcracks of various lengths and widths was performed using FE 

simulation. Joglekar [13] proposed an iterative use of the wavelet spectral finite element 

method for analyzing the phenomenon of nonlinear frequency mixing in a beam with a 

transverse edge-crack. However, it is noticed that nonlinear guided wave mixing 

techniques are not applicable for characterizing degradation and subsequent fatigue 

crack, which usually appear in the failed components caused by fatigue. 

In this paper, we propose a method based on nonlinear guided wave mixing for 

material degradation and the subsequent fatigue crack identification in steel pipes. 

Fundamental waves are selected according to the conditions of combined harmonic 

generation in Section 2. In Section 3, nonlinear interaction of guided waves in steel pipes 

with material and crack is analyzed using FE simulation. Finally, conclusions are drawn 

in Section 4. 

 

 

COMBINED HARMONICS FOR FATIGUE DAMAGES IDENTIFICATION 

 

According to nonlinear guided wave mixing technique, when two incident waves 

propagate in the structures with material degradation, the combined harmonics at their 

sum and difference frequencies appear under the criteria of synchronism and nonzero 

power flux [14]. 

 
𝑘𝑛 = 𝑘𝑎 ± 𝑘𝑏 (1) 

 

𝑓𝑛
𝑠𝑢𝑟𝑓

+ 𝑓𝑛
𝑣𝑜𝑙 ≠ 0 (2) 

 



where 𝑘𝑛, 𝑘𝑎  and 𝑘𝑏  are, respectively, the wavenumber of the combined harmonic, the 

wavenumbers of the fundamental waves; 𝑓𝑛
𝑠𝑢𝑟𝑓

 and 𝑓𝑛
𝑣𝑜𝑙  are the power flux from the 

fundamental waves to the nth guided wave mode caused by the surface traction and 

volume force. The classical nonlinear index β (Eq. 3) is commonly employed to identify 

and quantify the material nonlinearity. 

 

𝛽 =
𝐴𝑓𝑛

𝐴𝑓𝑎 × 𝐴𝑓𝑏

(3) 

 

where 𝐴𝑓𝑛  is the amplitude of the combined harmonic at sum or difference frequency; 

𝐴𝑓𝑎  and 𝐴𝑓𝑏  are the amplitudes of the incident waves. 

For fatigue crack identification based on the nonlinear response of guided wave 

mixing, there is no need for two incident waves meeting the demands of synchronism 

and nonzero power flux (previously, one incident wave initiates an ‘open-and-close’ 

behavior of the crack, whereas the other one propagates though the crack when it is 

closed, which leads to the appearance of combined harmonics). Moreover, the 

amplitudes of the fundamental waves in wave mixing for fatigue crack identification 

are lower than those in wave mixing for characterizing material degradation [15–17], 

which is a way to distinguish between material degradation and fatigue crack. 

Therefore, nonlinear guided wave mixing can be used in fatigue damages identification, 

including material degradation and subsequent fatigue crack. 

In this paper, when the material degradation and fatigue crack is detected, it is 

necessary for two incident waves to satisfy the requirements of synchronism and 

nonzero power flux. The excitation signals in this study are axisymmetric longitudinal 

modes, which always satisfy the criteria of nonzero power flux [18]. According to the 

dispersion curves in Fig. 1 and the condition of synchronism, the excitation waves 

are16-cycle L(0, 2) mode at 380kHz and 20-cycle L(0, 1) mode at 300kHz, named as 

𝑢1 and 𝑢2, respectively. As summarized in Table I, only the combined harmonic at 

difference-frequency satisfies the synchronism condition. Thus, the nonlinear index 

defined as  

 

𝛽 =
𝐴𝑓1−𝑓2

𝐴𝑓1 × 𝐴𝑓2

(4) 

 

where 𝐴𝑓1−𝑓2 is the amplitude of combined harmonic at difference frequency; 𝐴𝑓1 and 

𝐴𝑓2 are the amplitudes of the fundamental waves. 
 

 

TABLE I. FEATURES OF THE FUNDAMENTAL WAVES AND COMBINED HARMONICS 

 𝒖𝟏  𝒖𝟐  𝒖𝟏 + 𝒖𝟐  𝒖𝟏 − 𝒖𝟐  

Frequency (kHz) 380 300 680 80 

Group velocity (m/s) 4732 3206 3148 2506 

Phase velocity (m/s) 5199 2458 2819 1626 

Wave number (1/m) 459.01 (𝑘1) 766.48 (𝑘2) 1514.86 (𝑘+) 308.98 (𝑘−) 

∆𝑘(1/m) - - -289.37 1.51 

 

 



  
(a) group velocity (b) phase velocity 

 

Figure 1. Dispersion curve of steel pipe with 73 mm diameter and 4 mm thickness. 

 

 

To obtain the combined harmonic at difference-frequency, two fundamental waves 

are excited at the left end of the pipe one after another with the specific time delay so as 

to accomplish a total wave mixing at a distance of 450 mm from the left end. Two 

excitation signals used in the simulation study are shown in the Fig. 2. In Fig. 2(b), the 

horizontal segment before the waveform represents the time delay. 
 

 

(a)  (b)  
 

Figure 2. Excitation signals (a) L(0,1) mode, (b) L(0,2) mode. 

 

 

The nonlinear strain energy function W can take material nonlinearity into account, 

as the inclusion of the third order terms. Based on the study of Murnaghan [19], W can 

be written in the form 

 

𝑊(𝐸) =
1

2
(𝜆 + 2𝜇)𝑖1

2 +
1

3
(𝑙 + 2𝑚)𝑖3

2 − 2𝜇𝑖2 − 2𝑚𝑖1𝑖2 + 𝑛𝑖3 (5) 

 

where 𝜆, 𝜇 are the Lame elastic constants; 𝑙, 𝑚, 𝑛 are the third order elastic constants; 

𝑖1, 𝑖2, 𝑖3 are the principal invariants of 𝐸 (Green-Lagrange strain tensor). The material 

parameters of the steel pipe are listed in Table II [20]. 
 

 

TABLE II. MATERIAL PARAMETERS OF THE STEEL PIPE [20]. 

𝝆(𝒌𝒈/𝒎𝟑) 𝑬(𝑮𝑷𝒂) 𝝀(𝑮𝑷𝒂) 𝝁(𝑮𝑷𝒂) 𝒍(𝑮𝑷𝒂) 𝒎(𝑮𝑷𝒂) 𝒏(𝑮𝑷𝒂) 

7829 207 94 82 -795 -318 -1105 

FINITE ELEMENT SIMULATION 

 

As the incident waves are axisymmetric longitudinal guided wave modes, 2D 

axisymmetric models of the steel pipe with a length of 800 mm, an outer diameter of 73 



mm and a thickness of 4 mm can be made in the commercial software COMSOL 

Multiphysics for fatigue damages identification. Fundamental waves are excited at the 

left end of the pipe, and the low-reflecting boundary condition is added to the right end 

to reduce the influence of reflected waves.  

With regard to the simulation model for characterizing material degradation, the 

third order elastic constants are modified to introduce material degradation (Fig. 3). To 

identify fatigue crack that occur after the material degradation, a simulation model with 

the material nonlinearity and a contact crack is found, as illustrated in Fig. 4. 
 

 

 
 

Figure 3. Simulation model for characterizing material degradation. 

 

 
 

Figure 4. Simulation model for fatigue crack identification. 

 

 

The maximum element size (Δ𝐼) and time step (Δ𝑡) are adopted as follows [21] 

 

∆𝐼 =
𝜆𝑚𝑖𝑛

20
 and Δ𝑡 =

1

20𝑓𝑚𝑎𝑥

(6) 

 

where 𝜆𝑚𝑖𝑛 and 𝑓𝑚𝑎𝑥 are the minimum wavelength and the maximum frequency of the 

incident waves used for combined harmonics generation. Considering the combined 

harmonic at sum frequency (680kHz), the determined values for ∆𝐼 and Δ𝑡 are 0.2 mm 

and 5e-8 s, respectively. Mapped meshes are utilized in the 2D axisymmetric models 

(Fig. 5) to ensure accuracy as well as computational efficiency. 
 

 

 
 

Figure 5. An example of mapped meshes. 

 

 

Mode verification 

 

To obtain the combined harmonics, the time-domain generated signals of L(0, 1) 

and L(0, 2) modes should be checked at first. Adding radial excitation at the left end of 

the pipe yields a single L(0, 1) mode, while axial excitation yields a single L(0, 2) mode 

[17], as shown in Fig. 6. 

Time-domain signals, as shown in Fig. 7, are received by the probes at the distance 

of 300mm from the left end of the pipe. The first waveform is the direct wave, and the 



second one is the reflection signal from the right end of the pipe. In Fig. 7, it can be 

observed that only the waveform of L(0, 2) mode broadens slightly during propagation 

due to the dispersion. The simulated wave velocity of the L(0, 1) mode is determined to 

be 3194.38 m/s, which represents an error of 0.36% compared to the theoretical value 

of 3206 m/s; the simulated wave velocity of the L(0, 2) mode is calculated to be 4679.46 

m/s, similar to the theoretical value of 4732 m/s. These results confirm that the L(0, 1) 

mode can be excited by the radial excitation, while the L(0, 2) mode can be excited by 

the axial excitation. 
 

 

(a)  

(b)  
 

Figure 6. The excitation methods for the single mode generation (a) L (0,1) mode, (b) L (0,2) mode. 

 

 

 

  
(a) (b) 

 

Figure 7. Time-domain signals (a) L(0, 1) mode, (b) L(0, 2) mode. 

 

 

Identification of material degradation 

 

Since harmonic generation in the component with material nonlinearity is associated 

with finite amplitude waves having a sufficiently large displacement gradient [17], the 

influence of the amplitudes of the incident waves on the wave mixing effect is 

investigated, firstly. Two incident waves have the same amplitude of 1000N, 10000N 

and 100000N in three different cases. Fig. 8 shows the normalized waveforms and 

frequency spectra obtained at the wave mixing center (450 mm from the left end of the 

pipe). It can be observed that there is little difference in the time-domain signals for 

different amplitude excitations, while a clear combined harmonic at difference 

frequency (80kHz) can only be observed at an amplitude of 100000 N. Therefore, the 

amplitudes of two fundamental waves are set to 100000 N in subsequent analyses to 

achieve the desired material degradation identification. 

To identify the material degradation in the steel pipe, three cases are designed by 

magnifying the third-order elastic constants defined by Murnaghan function (Eq. 5), as 

listed in Table III. Case 1 represents the health state of the pipe, while case 2 and 3 

represent the material degradation states of the pipe. Fig. 9 gives the frequency-domain 



signals in all cases. Combined harmonic at difference frequency can also be observed 

in the undamaged state, which is attributed to the intrinsic physical nonlinearity of the 

material. According to Eq. 4, the nonlinear index 𝛽 is calculated, and the results are 

shown in Table IV. It is evident that the damage index 𝛽 is well correlated with the 

degree of material degradation, which can be used to characterize the degradation state 

of the material. Fig. 10 illustrates 3D propagation of the incident waves. 
 

 

  
(a) (b) 

 

Figure 8. (a) Time-domain mixing signals, (b) frequency spectra. 

 

 

TABLE III. THE THIRD ORDER ELASTIC CONSTANTS IN THREE SITUATIONS (GPA). 

 𝒍  𝒎  𝒏  

case 1 -795 -318 -1105 

case 2 -1590 -636 -2210 

case 3 -3180 -1272 -4420 

 

 

 
 

Figure 9. Frequency spectra in three situations. 

 

 

TABLE IV. NONLINEAR INDEX 𝛽 IN THREE MATERIAL DEGRADATION SITUATIONS. 

 Situation 1 Situation 2 Situation 3 

Index 𝛽 0.008 0.020 0.074 

Identification of fatigue crack 
 

As discussed in the previous section, material degradation can only be identified 

when amplitudes of two fundamental waves are sufficiently large. Therefore, the 

combined harmonic can only be attributed to the presence of the fatigue crack when 

using incident waves with amplitudes of 10 N. Hereby, the amplitudes of the incident 



waves are set to 10 N, while all other signal parameters are kept consistent with those 

used for material degradation characterization.  
 

 

(a)  

(b)  

(c)  

 

Figure 10. The 3D propagation of the incident waves (a) before wave mixing, (b) during wave. mixing 

and (c) after wave mixing. 

 

 

To demonstrate that only the presence of the fatigue crack can result in combined 

harmonic at difference frequency when low-amplitude fundamental waves are excited, 

the simulation model with material degradation (case 3 in Table III) and the simulation 

model with both material degradation and 0.5 mm fatigue crack are investigated at first, 

the results are shown in Fig. 11. It can be observed that there is little difference in the 

time-domain signals for two cases, while a clear combined harmonic at difference 

frequency (80kHz) can only be observed in the model with both material degradation 

and 0.5 mm fatigue crack. Moreover, the nonlinear index 𝛽 for charactering material 

degradation can also be used for fatigue crack identification according to Fig. 11(b). 

Next, three fatigue crack cases, as listed in Table V, are established to identify the 

fatigue crack that occurs after the material degradation. The frequency spectra are given 

in Fig. 12, which indicates that the amplitude of the combined harmonic at difference 

frequency increases with the longer crack length. Following the Fig. 12, the nonlinear 

index 𝛽 is calculated, and the results are provided in Table VI. It is obvious that 𝛽 is 

well correlated with the degree of damage. 
 

 

  
(a) (b) 

 

Figure 11. (a) Time-domain mixing signals, (b) frequency spectra. 

 

 



TABLE V. CASES FOR FATIGUE CRACK IDENTIFICATION. 

 case 1 case 2 case 3 

Crack length 0.5 mm 1.0 mm 1.5 mm 

 

 
 

Figure 12. Frequency spectra in three situations. 
 

 

TABLE VI. NONLINEAR INDEX 𝛽 UNDER THREE FATIGUE CRACK CONDITIONS. 

 0.5mm 1.0mm 1.5mm 

Index 𝛽 0.096 0.454 1.090 

 

CONCLUSIONS 
 

A method using nonlinear guided wave mixing is proposed to identify material 

degradation as well as subsequent fatigue crack propagation in steel pipes. Through 

theoretical analysis, L(0,1) and L(0,2) modes that satisfy the requirements for combined 

harmonics generation are selected for wave mixing. Mode verification is conducted to 

ensure proper excitation of the fundamental waves firstly, followed by the material 

degradation and fatigue crack identification. These simulations show that fundamental 

waves can be excited correctly with the specific excitation ways. In addition, for the 

steel pipe with only material degradation, combined harmonic at difference frequency 

is sensitive to the damage with the high-amplitude waves excitation; for the steel pipe 

with the fatigue crack and material degradation, fatigue crack can be identified 

separately by reducing the amplitudes of two incident waves, and the combined 

harmonic at difference frequency is also sensitive to the presence of fatigue crack in 

pipes. Furthermore, the nonlinearity index 𝛽 based on combined harmonic at difference 

frequency is well correlated with the degree of fatigue damages at early stage. 
 

 

REFERENCES 
 

1. Kundu, T. “Guided Waves for Nondestructive Testing – Experiment and Analysis.” in 

Nondestructive Testing of Materials and Structures: Vol. 6. Springer Netherlands, 2013. 

2. Guan, R., Lu, Y., Duan, W., et al. “Guided waves for damage identification in pipeline 

structures: A review”. Structural Control and Health Monitoring, 2017, 24(11): pp e2007. 

3. Deng, M. “Cumulative second-harmonic generation of Lamb-mode propagation in a solid 

plate”. Journal of Applied Physics, 1999, 85(6): pp 3051-3058. 

4. Bermes, C., Kim, J. Y., Qu, J., et al. “Experimental characterization of material nonlinearity 

using Lamb waves”. Applied Physics Letters, 2007, 90(2): pp 021901. 

5. Müller, M. F., Kim, J. Y., Qu, J., et al. “Characteristics of second harmonic generation of 

Lamb waves in nonlinear elastic plates”. The Journal of the Acoustical Society of America, 



2010, 127(4): pp 2141-2152. 

6. Guan, R., Lu, Y., Wang, K., et al. “Fatigue crack detection in pipes with multiple mode 

nonlinear guided waves”. Structural Health Monitoring, 2019, 18(1): pp 180-192. 

7. Lee, Y. F., Lu, Y. “Identification of fatigue crack under vibration by nonlinear guided waves”. 

Mechanical Systems and Signal Processing, 2022, 163: pp 108138. 

8. Shan, S., Hasanian, M., Cho, H., et al. “New nonlinear ultrasonic method for material 

characterization: Codirectional shear horizontal guided wave mixing in plate”. Ultrasonics, 

2019, 96: pp 64-74. 

9. Li, W., Xu, Y., Hu, N., et al. “Impact damage detection in composites using a guided wave 

mixing technique”. Measurement Science and Technology, 2020, 31(1): pp 014001. 

10. Sun, M., Qu, J. “Analytical and numerical investigations of one-way mixing of Lamb waves 

in a thin plate”. Ultrasonics, 2020, 108: pp 106180. 

11. Li, W., Lan, Z., Hu, N., et al. “Modeling and simulation of backward combined harmonic 

generation induced by one-way mixing of longitudinal ultrasonic guided waves in a circular 

pipe”. Ultrasonics, 2021, 113: pp 106356. 

12. Jiao, J., Meng, X., He, C., et al. “Nonlinear Lamb wave-mixing technique for micro-crack 

detection in plates”. NDT & E International, 2017, 85: pp 63-71. 

13. Joglekar, D. M. “Analysis of nonlinear frequency mixing in Timoshenko beams with a 

breathing crack using wavelet spectral finite element method”. Journal of Sound and 

Vibration, 2020, 488: pp 115532. 

14. de Lima, W. J. N., Hamilton, M. F. “Finite-amplitude waves in isotropic elastic plates”. 

Journal of Sound and Vibration, 2003, 265(4): pp 819-839. 

15. Liu, B., Luo, Z., Gang, T. “Influence of low-frequency parameter changes on nonlinear vibro-

acoustic wave modulations used for crack detection”. Structural Health Monitoring, 2018, 

17(2): pp 218-226. 

16. Czeluśniak, K., Staszewski, W. J., Aymerich, F. “Local bispectral characteristics of nonlinear 

vibro-acoustic modulations for structural damage detection”. Mechanical Systems and Signal 

Processing, 2022, 178: pp 109199. 

17. Rose, J. L. “Ultrasonic Guided Waves in Solid Media”. Cambridge University Press, 2014. 

18. de Lima, W. J. N., Hamilton, M. F. “Finite amplitude waves in isotropic elastic waveguides 

with arbitrary constant cross-sectional area”. Wave Motion, 2005, 41(1): pp 1-11. 

19. Murnaghan, F. D. “Finite Deformations of an Elastic Solid”. American Journal of 

Mathematics, 1937, 59(2): pp 235. 

20. Takahashi, S. “Measurement of third-order elastic constants and stress dependent coefficients 

for steels”. Mechanics of Advanced Materials and Modern Processes, 2018, 4(1): pp 2. 

21. Wan, X., Liu, M., Zhang, X., et al. “The use of ultrasonic guided waves for the inspection of 

square tube structures: Dispersion analysis and numerical and experimental studies”. 

Structural Health Monitoring, 2021, 20(1): pp 58-73. 
 

 




